
j" j (t-- (9) 
~ c o  

where  ~ is the sum of b i l inear  combinat ions  of ma t r i x  e lements  and the quadruple in tegra l  in the wave field 
m o m e n t a  es t imated  fo r  t / r  o - ~  ~o yields  the asympto t ic  ( r  0 / t )  8 for  (9). The cha rac t e r i s t i c  constant  r 0 is the 
g r e a t e s t  value of the lntegrand in (9) at the boundary points kl, 2 of the iner t ia l  in te rva l  of the wave number s  
k~ <_ k <_ k 2. In the genera l  case ,  the las t  component  in the r ight  side of (7) d e s c r i b e s  in te rac t ion  of four  su r face  
waves  with the F o u r i e r  component  of the field v, mos t  effect ive for  mutual  resonance .  This  component,  addi-  
t ional  to the col l is ion in tegra l  [1, 2], models  the nonl inear  m e c h a n i s m  of the nonlocal r e sponse ,  in t ime ,  of the 
s y s t e m  of su r f ace  waves to the nons ta t ionary  inhomogeneous per turba t ion .  Let  us note that  if the sca le  of the 
homogenei ty  of the flow cons iderably  exceeds  the wavelength then i ts  influence can be taken into account by 
pa s sage  to a moving coordinate  s y s t e m  [6]. In such an approximat ion the co r rec t ion  to the 5 co r re l a t iv i ty  Mkk,, 
which can be subs tant ia l  fo r  k _~ k ' ,  is not taken into account success fu l ly .  
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D E F O R M A T I O N  AND B R E A K U P  O F  A L I Q U I D  F I L M  

U N D E R  T H E  A C T I O N  O F  T H E R M O C A P I L L A R Y  C O N V E C T I O N  

A.  L .  Z u e v  a n d  A.  F .  P s h e n i c h n i k o v  UDC 532.529.4; 536.25 

T h e r m o c a p i l l a r y  convect ion which develops  in thin non i so thermal  liquid l aye r s  p roduces  s ignif icant  de-  
fo rma t ion  of the f r ee  su r f ace  [1-5]. This  p rob lem was cons idered  in [1] within the f r a m e w o r k  of a model which 
neglected cap i l l a ry  p r e s s u r e .  A solution was obtained in [2] for  the specia l  case  of harmonic  t e m p e r a t u r e  d i s -  
tr ibution;  the p r o b l e m  was solved in an approximat ion  l inear  in t e m p e r a t u r e  per turba t ion .  A m o r e  genera l  
fo rmula t ion  was cons idered  in [3], where  the equation of the f r ee  su r face  was found in an approximat ion analog-  
ous to the boundary l a y e r  approximat ion .  The p re sen t  study will offer  new exper imenta l  r e su l t s  and define con-  
ditions under which t h e r m o c a p i l l a r y  convect ion in a liquid leads to breakup of the f i lm into individual drops .  

1. If the plane upon which a thin f i lm of liquid is deposited is or iented pe rpend icu la r  to the acce le ra t ion  
of g rav i ty  then in d imens ion less  va r i ab l e s  the equation of the f r ee  su r face  will have the f o r m  [3] 

~ + ~'~ - 2 ~ "  + ~ ( x )  = c ,  (1.1)  

where  ~ (x) is the local  th ickness  of the liquid layer ;  4(x),  the t e m p e r a t u r e  of the f r ee  sur face ;  C, a constant  
t 

defined f r o m  additional conditions; e = 3AToT/O0; a0, the mean  su r face  tension coefficient: ~T = I d o / d T I ;  A T ,  

the c h a r a c t e r i s t i c  t e m p e r a t u r e  difference,  fo r  example ,  between the hot te r  and co lder  p a r t s  of the l ayer ,  pe r  

P e r m .  Trans l a t ed  f rom Zhurnal  Pr ikladnoi  Mekhaniki i Tekhnicheskoi  Fiziki ,  No. 3, pp. 90-95, May-June  
1987. Original  a r t i c l e  submit ted  April  14, 1986. 
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TABLE 1 

Liquid o ,0 [ 
zglm', sec) N/m ,N/7~,m:K) [ Pa 

Ethyl alcohol 
n - h e p t a n e  
n-deaane 
n-undecane 

0,8078 
0,6836 
0,7299 
0,7394 

L200 
0,4t4 
0,907 
t , t82 

22,80 
20,86 
23,89 
24,78 

0.083 57,t4 
0,t01 47,24 
0,092 1,200 
0,089 0,345 

unit length. For  the unit of length we take the capi l lary  radius ((~o/pg)V~ (where p is density and g is the ac-  
celera t ion of gravity).  

Under reduced gravitat ion conditions the t e r m  ~ 2 in Eq. (1.1) can be neglected if the layer  length L is 
smal l  in compar ison  to the capi l lary radius,  since (~/~,)2 ~ L~g/(~o << i. Under t e r r e s t r i a l  conditions the capi l lary 
radius does not exceed 1-3 mm and the surface  re l ief  is essent ia l ly  determined by the weight force  (first t e r m  
on the left of Eq. (1.1)). However at the edges of the film and in the state preceding breakup (~ ~ 0) the r e -  
maining t e r m s  prove significant and cannot in general  be neglected. 

To obtain the conditions for  film breakup we will consider  a model problem with harmonic  t empera tu re  
distr ibution along the x-coordinate :  ~ (x) = 0.5 cos kx + const. As compar ison with exper iment  and resul t s  ob- 
tained with other  t empera tu re  distr ibutions proves, the concre te  form of the hmction ~ (x) is of little significance. 
We will consider  the length of the layer  to be sufficiently g rea t  that boundary effects can be neglected. The 
dimensionless  thickness of an i so thermal  film is equal to H. For  sufficiently smal l  values of the p a r a m e t e r  
~/8H 2 the solution of Eq. (1.1) is the function 

~ ~ e cos kx e 2 cos 2kx 
W" 4H ~ (t + k ~) 64H ~ (1 + k ~) (~ + 4k ~) 

e 3 F i - [ -Tk  ~ . - - t - ~ 3 k  ~ ] 
512  0(1+k ) (i+4k:) [T4-vc~ r176 - . . .  (1.2) 

This solution allows determination of the approximate condition for fi lm breakup. Film breakup sets  in if the 
p a r a m e t e r  e exceeds some cr i t ical  value e . .  In the limit k << 1 (spatial period of t empera tu re  modulation 
large as compared to capi l lary radius) we have 

e, ~ 3H ~ (1.3) 

or  in dimensional form AT.(~T ~ pgh 2 (h is the dimensional mean thickness of the liquid layer) .  

In the other  l imit (k >> 1, low accelerat ions ,  "shortwave" modulation), breakup of the liquid layer  sets  in 
at e .  ~ 3.6H2k 2 or  AT.C~T/(~o~ 4.8(Trh/k) 2 (where • is the spatial  period of the tempera ture) .  Thus, if X ~ 10 
em, breakup o f  an ethyl alcohol layer  with mean thickness 0.5 mm should set  in even at AT. ~ 0.3 K, i.e., for 
very  slightly nonisothermal  conditions. A layer  of the same medium 5 m m  thick breaks  into individual droplets  
at A T ,  ~ 30 K, etc. tt should be understood that these es t imates  are  valid only while the liquid layer  can be 
considered thin and the flow slow. 

It follows f rom Eq. (1.2) that in the approximation l inear  in e the maximum height differential AS between 
hot and cold port ions is iriversely proport ional  to the initial l ayer  thickness H: 

At = e/2[H(i ~ k2)], (1.4) 

which coincides with the conclusions of [2]. 

2. To study breakup conditions experimental ly,  a thin liquid layer  with f ree  upper surface  was deposited 
on a horizontal  rec tangular  metal  plate measur ing  70 • 74 • 3 ram. The sharp edges of the plate hindered 
liquid spreading.  The two opposite ends of the plate were cooled, while the midsect ion (along x) of the plate 
was heated by heat exchangers  connected to a high stabil i ty thermosta t .  As a resu l t  the t empera tu re  in the 
liquid l ayer  decreased  with x f rom the midsect ion to the ends in a nearby l inear  manner .  Tempera tu re  m e a -  
su rements  were per formed with coppe r -Cons t an t in  thermocouples  fitted into the plate to an accuracy  of 0.1 K. 

Surface rel ief  was studied with an optical ca the tometer  as well as a shor t  focus shadow apparatus equipped 
for operation with ref lected light. Measured values of the inclination of the surface were integrated graphical ly 
to define its form. The working liquids used were ethyl alcohol, heptane, decane, and undecane. Values of den- 
si ty p ,  viscosi ty  q, sur face  tension a 0, the tempera ture  coefficient of surface  tension a~ ,  and saturated vapor 
p r e s s u r e  at 20~ were taken f rom [6, 7] and arc  shown in Table 1. Liquid layer  thickness was varied f rom 0.1 
to 1.5 mm. Tempera ture  changes between heater  and cooler  did not exceed 30 K. 
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Figure  1 shows the experimental ly  measured  local thickness z of a layer  os n :decane  as a function of 
horizontal  coordinate measured  f rom the heater .  The t empera tu re  head was 11.5 K. The presence  of the t em-  
pera tu re  head s t imulates  a s teady-s ta te  thermocapi l la ry  convection (gravitational convection in such thin f i lms 
is insignificant [8]). Liquid motion proves  to be symmet r i c  about the middle par t  of the layer  and is directed 
f rom the hot to the cold a reas  on the surface .  As a resul t  of this flow the initially plane liquid layer  deforms,  
its thickness above the heat source  becoming sma l l e r  than at the coolers .  The curves  of Fig. 1 correspond to 
var ious  amounts os liquid poured onto the plate (initial thickness of the undeformed layer  h for curves  1-6 equal 
to 0.95, 0.74, 0.53, 0.32, 0.29, and 0.14 mm). It is evident that for small  layer  thickness (carves 4-6) breakup 
os the liquid layer  and exposure os the bare  heated segment  of the bottom occur .  The liquid collects as a thin 
drop above the cooled port ion of the substra te .  We will note that a nonzero dynamic boundary angle then exists.  
The cause of this dynamic angle is the rmocap i l l a ry  motion. Tempera tu re  equalization leads to a rapid sp read-  
ing of liquid over  the entire plate. 

The maximum height differential  Az between hot and cold port ions of the l ayer  proves  to be proportional 
to the t empera tu re  differential  AT between the heater  and cooler  and inversely  proportional  to the initial layer  
thickness h. The experimental  resu l t s  are  shown in dimensionless  form in Fig. 2. The liquid used was ethyl 
alcohol. Experimental  points 1-4 were obtained at AT = 5.6; 12.5; 14.2; 18.4 K, and the line was constructed 
with Eq. (1.4). As is evident f rom the figure, this equation descr ibes  the deformation of thin liquid layers  well 
over  the ent ire  range of p a r a m e t e r s  H, a studied. Points obtained under various t empera tu re  conditions lie 
on one universal  curve.  

Cri t ical  values os the pa rame te r  ~ at which breakup of a liquid film of initial thickness H occurs  are  
shown in Fig. 3, where the line cor responds  to Eq. (1.3). The same graph shows experimental  points (1-3), 
obtained in exper iments  with heptane, decane, and ethyl alcohol, respect ively .  The experimental  resul ts  agree 
well with theory,  despite the approximate cha rac te r  of the solution. We note that the liquids used (see Table 1) 
differ in dynamic viscosi t ies  by a factor  of three.  However,  as is evident f rom the graph, and also f rom 
Eqs. (1.1), (1.3), liquid viscosi ty  does not affect the amount of 'deformat ion or  the liquid layer  breakup condition. 

3. The analytical problem for a film with two f ree  sur faces  located under conditions of weightlessness 
(k >> 1) reduces  to solution of the equation 

3 , 2 _  6~y'  + , = �9 ~ 2~(x~ C. (3.1) 

We locate the origin of the coordinate sys tem in the center  of the undeformed layer .  Equation (3.1) differs 
f r o m  Eq. (1.1) in numer ica l  coefficients and the absence of a t e r m  ~ ~ 2. The changes in the coefficients are  
due to changes in boundary conditions and the velocity profile.  Fi lm breakup occurs  for the condition AT >_ AT,  : 

3 

In the experiments  a liquid layer  with two free sur faces  was formed by a thin liquid film supported on a 
wire f rame in the horizontal  plane. The width of the ~rame d = 3 mm, which is comparable  to the value of the 
capi l lary  radius; therefore  such a fi lm proves  to be stable and can exist  over  the course  of severa l  hours.  The 
length of the f rames  L = 24 ram. The opposite ends of the f rame were held in thermal  contact with a heater  
and cooler ,  permit t ing  creat ion of a t empera tu re  differential  along the film. Type T]~MO-6 semiconductor  
m ic rocoo l e r s  were used for  the cooler  and heater .  Tempera tu re  measurements  were per formed with t he rmo-  
couples with junctions introduced direct ly  into the liquid layer .  The liquid used was n-undecane, which is dis-  
tinguished by' its low vapor p r e s s u r e  (see Table 1), which permi t s  neglect of liquid evaporation.  
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The liquid f i lm was i l lumina ted  f rom above by a p a r a l l e l  beam of monochromat ic  ( laser)  l ight.  As a r e -  
sul t  a m i c r o s c o p e  viewing l ight r e f l ec t ed  f rom the f i lm showed an i n t e r f e r e n c e  pa t t e rn  - bands of equal th ick-  
ness ,  c r ea t ed  by r a y s  r e f l ec t ed  f rom the upper  and lower  s u r f a c e s  of the l iquid. The i n t e r f e r e n c e  p a t t e r n s  ob-  
ta ined a re  shown in Fig .  4. 

If the liquid f i lm is  not p lanar ,  but has a concave or  convex fo rm with r e s p e c t  to width, the i n t e r f e r e n c e  
bands a r e  v i s ib le  only in a na r row por t ion  of the su r f ace  and indica te  inhomogenei ty  of the f i lm ove r  width 
(Fig.  4a). Then by i n c r e a s i n g  o r  d e c r e a s i n g  the quanti ty of liquid a s i tua t ion  can be achieved in which the upper  
and lower  f r ee  s u r f a c e s  of the f i lm have min imum c u r v a t u r e  and a r e  p a r a l l e l  to each other .  In th is  case  wide 

i n t e r f e r ence  bands a r e  obse rved  over  p r a c t i c a l l y  the en t i r e  sur fac  e (Fig.  4b). Since the t r ans i t ion  f rom one in t e r f e r  - 
ence band to the next c o r r e s p o n d s  to a change in f i lm th icknesses  by 0.2 pm,  th ickness  inhomogenei ty  ove r  the en t i r e  
f i lm a r e a  did not exceed 0.01 ram. It is  evident  that  in th i s  case  the liquid f i lm th ickness  can, with good ac -  
cu racy ,  be cons ide red  equal to the th ickness  of the wi re  f r a m e .  In the e x p e r i m e n t s  w i r e s  with d i a m e t e r s  f rom 
0.15 to 0.7 mm were  used,  thus pe rmi t t i ng  va r i a t i on  of the f i lm th ickness  ove r  the s ame  l i m i t s .  

Af te r  switchon of the coo le r  and hea t e r  a t h e r m o c a p i l l a r y  flow commences  and the f i lm th i ckness  n e a r  the 
coo l e r  b e c o m e s  g r e a t e r  than nea r  the hea t e r .  As a r e s u l t  of f i lm deformat ion  the upper  and lower  s u r f a c e s  
become s ign i f ican t ly  nonpara l l e l  and the i n t e r f e r e n c e  pa t t e rn  d i s a p p e a r s .  With fu r the r  heat ing of the liquid 
l a y e r  the de fo rma t ion  in tens i f ies ,  the liquid f i lm th ickness  nea r  the hea t e r  grows s m a l l e r ,  and upon a t ta inment  
of some  c r i t i c a l  t e m p e r a t u r e  d i f fe rence  AT,  the  f i lm b r e a k s  up. The i n t e r f e r e n c e  pa t t e rn  a p p e a r s  again only 
d i r e c t l y  before  f i lm breakup at the ho t tes t  point,  when the f i lm th ickness  c o m p r i s e s  only a few wavelengths of 
the l a s e r  l ight  (Fig.  4c). 
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The c r i t i ca l  t e m p e r a t u r e  d i f fe rences  between the cold and hot ends of the f i lm which cause  its breakup a re  
shown as functions of the square  of init ial  th ickness  in Fig. 5. According to Eq. (3.2) des t ruct ion of a two-s ided  
liquid f i lm of th ickness ,  for  example ,  0.5 mm,  should occur  at  A T .  ~ 0.5 K. As is evident f rom the graph, in 
expe r imen t  the f i lm p r o v e s  to be s table  at s ignif icant ly  h igher  t e m p e r a t u r e  d i f fe rences .  This  d ivergence  can 
be explained by the fact  that  the r ea l  f i lm is  not infinite in width, as was assumed  in the analytic solution, but 
r a t h e r  is  bounded by the wi re  f r ame .  As a r e su l t  the m a j o r  por t ion  of the cap i l l a ry  p r e s s u r e  in the liquid is  
c rea ted  by the cu rva tu re  of the su r face  a c r o s s  the liquid l aye r .  We will a t tempt  to cons ider  this effect.  

F o r  a change in f i lm th ickness  by an amount  Ah the cap i l l a ry  p r e s s u r e  within the liquid changes by Ap = 
4(~0/(h 2 + d  2) and in Eq. (3.2) an additional t e r m  appears :  

ha% / 3 4 
AT, ~ ---r-- {-~- n2 -~y + h2----~). (3.3) 

In Fig. 5, Eq. (3.3) is  shown by the line 1, and the exper imenta l  points by line 2. It  is evident that the ex-  
p e r i m e n t a l  points  agree  with Eq. (3.3) fo r  smal l  l aye r  th i cknesses  (h _< 0.3 mm),  for  which the ra t io  of f i lm 
th ickness  to width is ~ 0.1. For  th icker  (h _ 0.3 mm)  l aye r s ,  the f i lm width is comparab le  to its th ickness  andthe 
s imp le  cons idera t ions  p resen ted  above p rove  inapplicable.  In this  case  the f o r m  of the lower  f r ee  su r face  will 
be  affected m o r e  intensely by g rav i ty  and R a y l e i g h - T a y l o r  instabi l i ty  will have a g r e a t e r  role  in f i lm breakup.  
As a r e su l t  co l lapse  of the liquid layer  occurs  s ignif icant ly  e a r l i e r  than for pure t he rmncap i l l a ry  instabi l i ty.  
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